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Abstract
The ten-dimensional supergravity theory is a geometric low-energy effective
theory and the equations of motion for its fields can be obtained from string the-
ory by computing β functions. With d compact dimensions, we can add to it an
O(d, d;Z) geometric structure and construct the supergravity theory inspired by
double field theory through the use of a suitable commutative star product. The
latter implements the weak constraint of the double field theory on its fields and
gauge parameters in order to have a closed gauge symmetry algebra. The consis-
tency of the action here proposed is based on the orthogonality of the momenta
associated with fields in their triple star products in the cubic terms defined for
d ≥ 1. This orthogonality holds also for an arbitrary number of star products
of fields for d = 1. Finally, we extend our analysis to the double sigma model,
non-commutative geometry and open string theory.
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1 Introduction
Quantum gravity is expected to unify all theories of the fundamental interactions by
combining quantum mechanics and general relativity. String theory is a candidate to
provide a self-consistent framework for quantum gravity. A crucial role at this aim is
played by T-duality and S-duality.
String theory, whose action is defined in the two-dimensional world-sheet space, ex-
plores the target-space theory and its low-energy limit via one-loop β-functions [1] and
α′ corrections. One-loop β-functions provide the equations of motion satisfied, in the
target space, by the background fields with which the string interacts and, in particular,
the one associated with the graviton field, present in the spectrum of the closed string,
generates the Einstein gravity equation.
The main goal of double field theory (DFT) [2, 3] is to manifestly incorporate T-
duality, i.e. the O(d, d;Z) invariance in the target space with d compact dimensions,
as a global symmetry of the low-energy field theory deriving from closed strings living
in a D-dimensional spacetime which is the product of a Minkowski n-dimensional flat
space M = Rn−1,1 with a d-dimensional torus T d (n + d = D). Then, the fields of DFT
live in the product ofM with a 2d-dimensional doubled torus containing both the torus
T d, parametrized by the original compact coordinates xm, and its dual T˜ d, parametrized
by the dual coordinates x˜m. The field content of DFT involves the metric field gij, the
Kalb-Ramond field Bij (i, j = 1, . . .D) and a dilaton, i.e. the massless bosonic sector
of the closed string. Since these fields depend on xm and x˜m simultaneously, DFT is
expected to have gauge invariance both under diffeomorphisms on the former and dual
diffeormophisms on the latter, i.e. a gauge invariance under doubled diffeomorphisms.
DFT is still to be fully constructed. In [3], an action for such theory is given only to
cubic order in the fluctuations of fields around a fixed background. In this framework,
the invariance under linearized doubled diffeomorphisms is based on the so-called weak
constraint arising from the level matching condition of closed string field theory, i.e.
∆f ≡ 2∂m∂˜mf = 0, that has to be satisfied by fields and gauge parameters. The gauge
parameters are the vector fields ǫi(x
µ, xm, x˜m) and ǫ¯i(x
µ, xm, x˜m) generating, respectively,
the linearized gauge transformations on the metric tensor and the Kalb-Ramond fields.
Therefore, the weak constraint requires fields and gauge parameters to live in the kernel
of the second-order differential operator ∆.
1
Subsequently, in [4] a manifestly background independent action has been constructed
for the field Eij = gij + Bij and for the dilaton d. Further aspects of this action have
been studied in [5]. Such formulation is the same as the generalized metric formulation
under the weak constraint [6] and results to be O(D,D) invariant. In the case of d
compact dimensions this symmetry breaks to O(d, d;Z) preserving the periodic boundary
conditions, while the invariance under doubled diffeormorphisms is, in this case, based
on the so-called strong constraint, i.e. a generalization of the weak constraint to any
product of fields and gauge parameters.
So far, a non-trivial theory that is invariant under doubled diffeomorphisms without
using the above mentioned constraints has not been found yet. One could try to formulate
a theory in terms of fields automatically projected in the kernel of ∆ through a suitably
defined projector operator, the star product, which takes an arbitrary field or a gauge
parameter to that kernel. This operator has to be used also in the gauge transformations
in order to ensure that the gauge variations are allowed variations of the fields and shows,
in general, a non-associative property that does not give any problems to the invariance
of the action that, instead, could be spoiled by the non-closure of the gauge algebra. In
other words, it may happen that, due to the non-closure of the gauge algebra, one could
loose physical degrees of freedom from a total derivative term generated by applying a
gauge transformation. The total derivative term or boundary term is also related to
the global geometry of DFT [7]. Furthermore, a closed gauge algebra in DFT is also
important to ensure the closure of the supersymmetry algebra [8, 9].
It has been already observed that DFT is expected to be a candidate for a supergravity
theory with manifest T-duality and that the target space could be understood from a
world-sheet theory by computing one-loop β-functions. An interesting work, in this
direction, has been to compute the one-loop β-functions in the double sigma model
without using any constraints [10, 11].
The bosonic sigma model gives the dynamics of bosonic closed strings and of bosonic
open strings satisfying Neumann and Dirichlet boundary conditions. In particular, a non-
commutative geometry appears in the quantization of the bosonic sigma model with the
endpoints of open strings attached to a brane, in the presence of a B-field. A Seiberg-
Witten map in the target space also comes from a non-commutative geometry and it
ensures the equivalence of a commutative description and a non-commutative description.
A useful study of the non-commutative side consists in computing α′ corrections to all
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orders through the Moyal product. Non-commutative geometry could also be understood
through an O(D,D) generalized metric [12], being the Dirac-Born-Infeld (DBI) theory
[13,14] the low-energy effective field theory of the double sigma model for the open string.
As already claimed, the biggest issue of DFT is the loss of the closure of the gauge
algebra without using the strong constraint. This latter means that it is always necessary
to eliminate half of the degrees of freedom so one could not have any new physics beyond
the ordinary supergravity theory. An interesting work [15] related to relaxing the strong
constraint consists in using a suitable product, the ◦-product, exhibiting properties of
commutativity, associativity and distributivity and that allows to get the closure of the
gauge algebra , but the issue is that the theory defined in this way could not reduce to
the cubic action [3] obtained from closed string field theory.
The main goal of this paper is to find a DFT-inspired string low-energy effective
theory in the doubled spacetime, embodying in it the aforementioned star product that,
differently from the ◦-product of [15], does not exhibit associativity. In order to better
understand the issues related to the non-associativity previously discussed, we first con-
sider the case d = 1 of a spacetime with only one doubled space-dimension. We find here
that a closed gauge algebra can be obtained and that the action, uniquely determined by
the gauge symmetry, results to be the sum of the ordinary supergravity theory and the
dual supergravity [16].
The extension to arbitrary d can be again understood from the triple product [16]
that again gives the orthogonality of the momenta, just like in d = 1. The result implied
by the triple products suggests that the cubic action can be obtained, up to a boundary
term, from a DFT defined through the star product without loosing any fluctuations
of the fields. Imposing the orthogonality of momenta also gives a closed gauge algebra.
This can be extended to an arbitrary number of fields and the results do not contradict
the ones already known from closed string field theory. We also construct a double sigma
model in terms of the star product.
T-duality for non-geometric fluxes is defined by non-commutativity parameters. The
transformations between commutative and non-commutativity parameters are physical
transformations of DFT that are shown to be actually related by an O(D,D) transfor-
mation. The star product is made commutative by imposing the orthogonality, which
could maintain all the theoretical properties of DFT.
We first review the properties of the projector in Sec. 2, discuss the case for d = 1
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and do the extension to arbitrary d respectively in Sec. 3 and Sec. 4. A study of DFT
and the double sigma model is exhibited in Sec. 5 and Sec. 6. We discuss T-duality in a
non-commutative space [17] in Sec. 7. The open string theory is shown in Sec. 8. Finally,
we discuss the results and conclude in Sec. 9.
2 Properties of the Projector
A role of the projector we are going to discuss in this section [3] is to keep the fields
and gauge parameters in ker∆, i.e. the kernel of the second-order differential operator
∆ ≡ 2∂m∂˜m. Through the projector, some constraints are imposed on momenta of fields
and gauge parameters. The weak constraint could be rewritten, in general, in an O(d, d)
covariant form:
∂M˜∂
M˜f = 0, (1)
where
∂M˜ ≡
(
∂˜m
∂m
)
, m = 1, 2, · · · , d, M˜ = 1, 2, · · · , 2d. (2)
Here, we denote the doubled indices by the uppercase letters and the non-doubled indices
by the lower-case letters. The doubled indices are raised or lowered by anO(d, d) invariant
metric:
η =
(
0 I
I 0
)
. (3)
Let us introduce the following notation in the doubled spacetime. We use XM˜ and KM˜
for denoting, respectively:
XM˜ ≡
(
xm
x˜m
)
and KM˜ ≡
(
wm
pm
)
(4)
where pm are the momenta conjugate to x
m while the windings ωm can be considered as
the conjugate to the dual coordinate x˜m.
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Before introducing our projector, let us first observe that, given a general double field
A, one could introduce a Fourier series for it, along the compact dimensions:
A ≡
∑
K
AKe
iKX (5)
where KX ≡ KM˜XM˜ . A canonical projection of the field A into a field satisfying the
weak constraint can be defined through the following star product denoted by ∗ :
A ∗ 1 ≡
∑
K
AKe
iKXδKK,0, (6)
where KK ≡ KM˜KM˜ . This actually gives
∂M˜∂M˜(A ∗ 1) = 0. (7)
In other words, the star product imposes the weak constraint on A, projecting it into
A ∗ 1 satisfying the constraint ∆[A ∗ 1] = 0.
It is also possible to define the star product of constrained fields A ∗ 1 and B ∗ 1 as
follows:
A ∗B = B ∗ A =
∑
K,K ′
AKBK ′e
i(K+K ′)XδKK,0 δK ′K ′,0 δKK ′,0. (8)
Hence, one equivalently obtains:
∂M˜∂M˜(A ∗B) = ∂M˜A ∗ ∂M˜B = 0. (9)
This equation shows that actually, through the star product above defined, one could
implement the results obtained by imposing the strong constraint in DFT [2, 3] as well,
starting from fields and gauge parameters only satisfying the weak constraint.
One could check the associativity of this operation. Actually, it is straightforward to
show that:
A ∗ (B ∗ C) =
∑
K,K ′,K ′′
AKBK ′CK ′′e
i(K+K ′+K ′′)X δKK,0δK ′K ′,0δK ′′K ′′,0δK ′K ′′,0δK(K ′+K ′′),0 ,
(A ∗B) ∗ C =
∑
K,K ′,K ′′
AKBK ′CK ′′e
i(K+K ′+K ′′)XδKK,0δK ′K ′,0δK ′′K ′′,0δKK ′,0δ(K+K ′)K ′′,0 .
(10)
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In general, the star product does not exhibit associativity, but it does under integration
since: ∫
dX A ∗ (B ∗ C) =
∫
dX (A ∗B) ∗ C. (11)
The triple product also satisfies
∂M˜∂M˜
(
A ∗ (B ∗ C)) = ∂M˜∂M˜((A ∗B) ∗ C) = 0. (12)
Furthermore, the star product already implies a boundary condition. In fact, it is
easy to show that the integral of a total derivative term for any function f is vanishing:∫
dX ∂M˜f = 0 with f =
∑
K
fKe
iKX (13)
because ∂M˜ gives a factor proportional to KM˜ and the integration yields a δK,0 in the
momentum space. The result implies that our fields and gauge parameters need to vanish
on the boundary, and have to be periodic if one wants to express them as a Fourier series.
DFT makes T-duality manifest in the torus case in which periodic boundary conditions
hold, so the projector can be used in this case.
We stress that using the Fourier expansion for the fields provides a convenient way
to understand the weak constraint in terms of vanishing momenta.
3 d = 1
In the case of only one compact dimension, d = 1, let us say, xm, the following constraints
on the field momenta
KK = 0, K ′K ′ = 0, K ′′K ′′ = 0, (K +K ′)K ′′ = 0, (14)
become:
K = aK ′ = bK ′′, (15)
where a and b are arbitrary constants. The star product becomes associative because we
always need to consider these constraints in the triple products, and the star product in
the action can actually be replaced by the ordinary product because of the identity∫
dX A · B · C · · · =
∫
dX A ∗B ∗ C · · · (16)
6
that holds if a boundary term is absent and the Fourier expansion valid. The identity
could be obtained, in this case, for an arbitrary number of products. The following
decomposition of a double field holds:
f =
∑
p
fpe
ipmx
m
+
∑
ω
fωe
iωmx˜m (17)
since it has to satisfy ∂M˜∂M˜f = 0.
Actually, the strong constraint removes half of the degrees of freedom, selecting only
one of the two functions in (17). DFT in this case results to be a superposition of the
ordinary supergravity and its T-dual. Hence, we do not have any ambiguities in writing
the action for d = 1. This is an interesting point that clarifies what DFT is.
4 Arbitrary d
As seen in the previous section, in the case d = 1 one can have an associative algebra.
In the following, we extend our discussion to arbitrary d.
We consider the triple product first. The ordinary triple products have to be accom-
panied by the conditions:
KK = 0, K ′K ′ = 0, K ′′K ′′ = 0, K +K ′ +K ′′ = 0. (18)
that imply
K2 = (K ′ +K ′′)2 = 2K ′K ′′ = 0, K ′2 = (K ′′ +K)2 = 2K ′′K = 0,
K ′′2 = (K +K ′)2 = 2KK ′ = 0 . (19)
These constitute orthogonality conditions. The result is interesting because it implies
that the cubic action in [3], obtained from closed string field theory, is not modified up
to a boundary term when momenta satisfy these conditions that make the star product
associative. When the orthogonality condition of momenta is applied, then the closure
of the gauge algebra and supersymmetry algebra, and more other properties in strong
constrained DFT, can also be obtained.
We extend this result to an arbitrary number of products of fields with their momenta
being orthogonal. Indeed, imposing the orthogonality conditions of momenta beyond the
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triple products restricts the fluctuations of fields. However, the modification does not
give any violation to the known results from closed string field theory [3].
The star product still satisfies the identity:∫
dX A ∗B ∗ · · · =
∫
dX A ·B · · · · . (20)
when all momenta are orthogonal to each other if a non-trivial boundary term does not
appear. Let us stress here that the orthogonality conditions constitute a way to give
associativity to the star product.
The associativity of the star product could also be obtained by using the weak con-
straint
KK = 0, K ′′K ′′ = 0, · · · (21)
and the vanishing of the sum of the momenta
K +K ′ + · · · = 0. (22)
The vanishing of the sum of the momenta would be not a reasonable condition before a
boundary term would be omitted. When we consider∫
dX A (23)
with the condition of vanishing momenta, then the fluctuations of the field A are lost.
In order to define a consistent DFT, our approach consists in requiring all momenta to
satisfy the orthogonality conditions. This is naturally obtained from the cubic action and
guarantees the closure of the symmetry algebra. Such constraints reduce the fluctuations
of fields.
5 Double Field Theory
We discuss DFT from the generalized metric formulation [6] since the action can be
uniquely defined from the point of view of the symmetry. The result is the same as in
DFT with the strong constraint, up to a boundary term, because the star product is
associative.
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5.1 Generalized Metric Formulation
We use a general way to introduce the generalized metric formulation from the star
product. The action of the generalized metric formulation can be determined by replacing
the ordinary product by the star product in the usual generalized metric formulation.
We start from defining the generalized metric HMN (M , N=1, 2, · · · , 2D):
H ≡ H• • , H ≡
(
g − B ∗ g−1 ∗B B ∗ g−1
−g−1 ∗B g−1
)
. (24)
being g the metric tensor, B the Kalb-Ramond field and d the scalar dilaton.
The generalized metric is an O(D,D) symmetric matrix satisfying the relation:
H ∗ η ∗ H = η . (25)
A role of the star product is just to give constraints to the background fields in a doubled
spacetime so the generalized metric still has an O(D,D) symmetry.
The inverse of the generalized metric is
H−1 ≡ H• • =
(HMN)−1 =
(
g−1 −g−1 ∗B
B ∗ g−1 g − B ∗ g−1 ∗B
)
. (26)
and it satisfies the relation:
H−1 = ηHη . (27)
We stress here that H and H−1 are both symmetric matrices.
In the following, we show how to rewrite the action in terms of the generalized metric
and the dilaton. We first assume that this theory has a manifest O(D,D) structure and
Z2 symmetry. The Z2 symmetry is
Bij → −Bij , ∂˜ → −∂˜. (28)
This implies that the last transformation could be rewritten as
∂M → Z ∂M , Z =
(
−1 0
0 1
)
, (29)
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with Z satisfying
Z = ZT , Z2 = 1 , (30)
where T denotes the transpose.
Under the transformation Bij → −Bij , the off-diagonal elements in the generalized
metric change sign. This means that
HMN → ZHMNZ , HMN → ZHMNZ . (31)
We also note that Z is not an O(D,D) matrix since
ηMN 6= Z ηMNZ , ηMN 6= Z ηMNZ . (32)
By using ∂M ,HMN , HMN and d, we can construct the gauge invariant action by con-
sidering all possible terms within second derivative terms up to a boundary term. The
action is
SDFT =
∫
dx dx˜ e−2d ∗
(1
8
HMN ∗ ∂MHKL ∗ ∂NHKL − 1
2
HMN ∗ ∂NHKL ∗ ∂LHMK
−2∂Md ∗ ∂NHMN + 4HMN ∗ ∂Md ∗ ∂Nd
)
, (33)
where
e−2d ≡ √−g ∗ e−2φ, (34)
The gauge transformations are provided by:
δξd = −1
2
∂Mξ
M + ξM ∗ ∂Md,
δξHMN = LˆξHMN ≡ ξP ∗ ∂PHMN + (∂Mξp − ∂P ξM) ∗ HPN + (∂NξP − ∂P ξN) ∗ HMP .
(35)
and exhibit a closure property:
[δξ1 , δξ2 ] = −δ[ξ1,ξ2]C , (36)
where the C-bracket is defined by
[ξ1, ξ2]
M
C = ξ
N
1 ∗ ∂NξM2 − ξN2 ∗ ∂NξM1 −
1
2
ηMNηPQξ
P
1 ∗ ∂NξQ2 +
1
2
ηMNηPQξ
P
2 ∗ ∂NξQ1 .
(37)
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If we assume that all fields in the action are independent of the x˜’s or their dual coor-
dinates, it can be easily checked that the action would reduce to the ordinary supergravity
theory ∫
dx
√−ge−2φ
(
R + 4(∂φ)2 − 1
12
H2
)
, (38)
where φ is the dilaton satisfying
√−ge−2φ = e−2d, R is the Ricci scalar and H = dB
is the three-form field strength. The closure of the gauge algebra also guarantees the
closure of the supersymmetry algebra because the star product is associative.
Since the star product is associative, the background independence to all orders at
classical level is also included in this action [5]. When we consider d = 1, DFT is also
useful for studying the non-geometric R-flux from a constant H-flux [7].
Finally, we summarize the assumptions that we have used to find the proposed action.
We have first used the O(D,D) symmetry structure and Z2 symmetry to find all possible
terms for second derivative terms up to a boundary term. We also expect that this
theory could reduce to the ordinary supergravity so all terms in the action should couple
to e−2d. Finally, we have used the gauge symmetry to find the coefficients up to an overall
constant. The overall constant are determined by requiring that DFT to reduce to the
ordinary supergravity when all fields are independent of the dual coordinates.
6 Double Sigma Model
We propose a double sigma model already discussed in [10, 11] by including the star
product, establishing their equivalence by showing that one could get the same equations
of motion. Moreover, an interpretation of the star product in the world-sheet space is
provided in the simplest case d = 1 .
6.1 Action
The double sigma model is
SΣ =
1
2
∫
d2σ
(
∂1X
A ∗ HAB ∗ ∂1XB − ∂1XA ∗ ηAB ∗ ∂0XB
)
, (39)
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Since one-loop β functions [10] could reproduce the equations of motion of the DFT
without using any constraints, we propose that the star product should also appear in
the double sigma model to reproduce the equations of motion of the DFT defined by the
star product.
6.2 Classical Equivalence
In this section, the classical equivalence between the double sigma model and ordinary
sigma model with an on-shell self-duality relation for d = 1 is shown. The result implies
that we could find the same equations of motion as in the case of the ordinary sigma
model. The equations of motion deriving from the double sigma model are:
∂1
(
HmA ∗ ∂1XA − ηmA∂0XA
)
=
1
2
∂1X
A ∗ ∂mHAB ∗ ∂1XB,
∂1
(
HmA ∗ ∂1XA − ηmA∂0XA
)
=
1
2
∂1X
A ∗ ∂˜mHAB ∗ ∂1XB. (40)
When we consider d = 1, the background fields can be decomposed into the sum of the
ordinary background and dual background fields. First considering ordinary background
fields, we have:
∂1
(
HmA∂1XA − ηmA∂0XA
)
= 0. (41)
A suitable self-duality relation for the case of the ordinary background fields is
HmA∂1XA − ηmA∂0XA = 0. (42)
The self-duality relation is also equivalent to
∂1X˜m = gmn∂0X
n +Bmn∂1X
n. (43)
The other equation of motion is
∂1
[(
g − Bg−1B
)
mn
∂1X
n +
(
Bg−1
)
m
n∂1X˜n − ∂0X˜m
]
=
1
2
∂1X
p∂m
(
g −Bg−1B
)
pq
∂1X
q + ∂1X
p∂m
(
Bg−1
)
p
q∂1X˜q +
1
2
∂1X˜p∂mg
pq∂1X˜q
(44)
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when we consider the case of the ordinary background fields.
We find the same equations of motion as in the ordinary sigma model by using the
self-duality relation to remove the dual coordinates as
∂1
[(
g −Bg−1B
)
mn
∂1X
n +
(
Bg−1
)
m
n∂1X˜n − ∂0X˜m
]
= ∂1
(
gmn∂1X
n +Bmn∂0X
n
)
− ∂0
(
gmn∂0X
n +Bmn∂1X
n
)
; (45)
1
2
∂1X
p∂m
(
g −Bg−1B
)
pq
∂1X
q + ∂1X
p∂m
(
Bg−1
)
p
q∂1X˜q +
1
2
∂1X˜p∂mg
pq∂1X˜q
= −1
2
∂0X
p∂mgpq∂0X
q +
1
2
∂1X
p∂mgpq∂1X
q + ∂1X
p∂mBpq∂0X
q. (46)
Then we consider the dual background fields and we get
∂1
(
HmA∂1XA − ηmA∂0XA
)
= 0. (47)
We consider the self-duality relation:
HmA∂1XA − ηmA∂0XA = 0. (48)
and it is equivalent to
∂0X˜m = −Gmnβnp∂1X˜p +Gmn∂1Xn (49)
where the dual fields G and β appear.
The other equation of motion is
∂1
[(
G−1 − βGβ
)mn
∂1X˜n +
(
βG
)m
n∂1X
n − ∂0Xm
]
=
1
2
∂1X
p∂mGpq∂1X
q − ∂1Xp∂m
(
Gβ
)
p
q∂1X˜q +
1
2
∂1X˜p∂
m
(
G−1 − βGβ
)pq
∂1X˜q.
(50)
We find the same equations of motion as in the dual sigma model by using the self-duality
relation to remove the dual coordinates as
∂1
[(
G−1 − βGβ
)mn
∂1X˜n +
(
βG
)m
n∂1X
n − ∂0Xm
]
= ∂1
(
Gmn∂1X˜n + β
mn∂0X˜n
)
− ∂0
(
Gmn∂0X˜n + β
mn∂1X˜n
)
; (51)
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∂1X
p∂mGpq∂1X
q − ∂1Xp∂m
(
Gβ
)
p
q∂1X˜q +
1
2
∂1X˜p∂
m
(
G−1 − βGβ
)pq
∂1X˜q
= −1
2
∂0X˜p∂
mGpq∂0X˜q +
1
2
∂1X˜p∂
mGpq∂1X˜q + ∂1X˜p∂
mβpq∂0X˜q. (52)
The equations of motion of the double sigma model are then shown to be the equations
of motion of the ordinary and dual sigma model from the on-shell self-duality relation.
Thus, we obtain the consistent result for d = 1.
6.3 Off-Shell Self-Duality Relation
We implement the self-duality relation at the off-shell level to obtain the equivalence of
the equations of motion. The equations of motion for the case of the ordinary background
fields in the bulk are
∂1
(
g−1∂1X˜ − g−1B∂1X − ∂0X
)m
= 0,
∂1
(
Bg−1∂1X˜ +
(
g − Bg−1B)∂1X − ∂0X˜
)
m
=
1
2
∂1X∂m
(
g −Bg−1B
)
∂1X + ∂1X∂m
(
Bg−1
)
∂1X˜ +
1
2
∂1X˜∂mg
−1∂1X˜. (53)
We could shift Xm (Xm → Xm + fm(σ0)) and redefine g and B to obtain
∂1X˜m = Bmn∂1X
n + gmn∂0X
n,
∂1
(
gmn∂1X
n +Bmn∂0X
n
)
− ∂0
(
gmn∂0X
n +Bmn∂1X
n
)
= −1
2
∂0X
p∂mgpq∂0X
q +
1
2
∂1X
p∂mgpq∂1X
q + ∂1X
p∂mBpq∂0X
q. (54)
When we consider the dual background fields, the equations of motion in the bulk are
∂1
(
−Gβ∂1X˜ + G∂1X − ∂0X˜
)
m
= 0,
∂1
((
G−1 − βGβ)∂1X˜ + (βG)∂1X − ∂0X
)m
=
1
2
∂1X∂
mG∂1X − ∂1X∂m
(
Gβ
)
∂1X˜ +
1
2
∂1X˜∂m
(
G−1 − βGβ
)
∂1X˜. (55)
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We could shift X˜m (X˜m → X˜m + fm(σ0)) and redefine G and β. Then we obtain
∂0X˜m = −Gmnβnp∂1X˜p +Gmn∂1Xn,
∂1
(
Gmn∂1X˜n + β
mn∂0X˜n
)
− ∂0
(
Gmn∂0X˜n + β
mn∂1X˜n
)
= −1
2
∂0X˜p∂
mGpq∂0X˜q +
1
2
∂1X˜p∂
mGpq∂1X˜q + ∂1X˜p∂
mβpq∂0X˜q. (56)
Thus, we could get the equations of motion of the ordinary and the dual sigma model
from the double sigma model for d = 1 from the self-dual relations at the off-shell level.
This gives the consistency of the double sigma model with the modification of the star
product. When we use the one-loop β-functions to obtain the equations of motion of
the DFT [10], the equations of motion should be modified by the star product when a
non-trivial boundary term appears. The additional of the star product in the double
sigma model should give us correct equations of motion of the DFT.
6.4 Interpretation of the Star Product in the World-Sheet
The star product in the world-sheet space is not so clear as in the target space. For
d = 1, DFT should be the sum of the ordinary supergravity and the dual supergravity.
Hence, we expect that the double sigma model should be the sum of the ordinary sigma
model and the dual sigma model. The unclear part of the star product in the worldsheet
space is the Fourier expansion in the target space. When we consider the first term of
the double sigma model
1
2
∫
d2σ ∂1X
AHAB∂1XB, (57)
we expect that the dual target space should be auxiliary when the generalized metric
only depends on the ordinary target space. The star product for d = 1 should play the
same kind of role in the world-sheet as in the target space. Thus, the partition function
of the double sigma model for d = 1 can be rewritten as∫
DX exp
[
1
2
∫
d2σ
(
∂1X
AHAB(Xm)∂1XB − ∂1XAηAB∂0XB
)]
×
∫
DX ′ exp
[
1
2
∫
d2σ
(
∂1X
′AHAB(X˜ ′m)∂1X ′B − ∂1X ′AηAB∂0X ′B
)]
. (58)
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When we integrate X˜m out, we can obtain the ordinary sigma model and we only have the
dynamical terms of Xm. If we integrate out X ′m, then the dual sigma model is obtained
and its dynamics is determined by X˜ ′m. Although the star product seems to double the
target space, the physical degrees of freedom of the target space are not increased by
using the star product.
7 T-Duality in a Non-Commutative Space
We discuss T-duality in a non-commutative space [17] and we use O(D,D) transforma-
tions to connect T-duality and the relation between the closed string parameters g and
B and the open string parameters G, Π and Φ [12]. The latter can be defined through
the following relation:(
g B
B g
)
−1
=
(
G Φ
−ΦT G
)
−1
+
(
0 Π
−ΠT 0
)
(59)
This can be understood from the point of view of O(D,D) transformations [12] as follows:(
1 Π
0 1
)
∗
(
1 0
−ΦT 1
)
∗
(
G−1 0
0 G
)
∗
(
1 −Φ
0 1
)
∗
(
1 0
ΠT 1
)
=
(
(1− Π ∗ ΦT ) ∗G−1 ∗ (1− Φ ∗ ΠT ) + Π ∗G ∗ ΠT −(1− Π ∗ ΦT ) ∗G−1 ∗ Φ+ Π ∗G
−ΦT ∗G−1 ∗ (1− Φ ∗ ΠT ) +G ∗ ΠT ΦT ∗G−1 ∗ Φ+G
)
=
(
g−1 −g−1 ∗B
−BT ∗ g−1 g +BT ∗ g−1 ∗B
)
. (60)
Let us consider here the open-closed string parameters relation
1
g +B
=
1
G+ Φ
+ Π, (61)
which also contains T-duality in the commutative space, and T-duality in the non-
commutative space
1
G˜+ Φ˜
= (g − B) ∗ (G− Φ)−1 ∗ (g +B), Π˜ = −(g − B) ∗ Π ∗ (g +B). (62)
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Here, the G˜ and Φ˜ are the dual open string parameters, the generalized metric in the
commutative space (
g−1 −g−1 ∗B
−BT ∗ g−1 g +BT ∗ g−1 ∗B
)
(63)
and the generalized metric in the non-commutative space(
(1− Π ∗ ΦT ) ∗G−1 ∗ (1− Φ ∗ ΠT ) + Π ∗G ∗ΠT −(1− Π ∗ ΦT ) ∗G−1 ∗ Φ+ Π ∗G
−ΦT ∗G−1 ∗ (1− Φ ∗ ΠT ) +G ∗ ΠT ΦT ∗G−1 ∗ Φ+G
)
(64)
One can then use (62) in order to obtain the dual generalized metric in the commutative
space (
g˜ + B˜ ∗ g˜−1 ∗ B˜T B˜ ∗ g˜−1
g˜−1 ∗ B˜T g˜−1
)
. (65)
in which the g˜ and B˜ are the dual closed string parameters, and the dual generalized
metric in the non-commutative space(
Φ˜T ∗ G˜−1 ∗ Φ˜ + G˜ −Φ˜T ∗ G˜−1 ∗ (1− Φ˜ ∗ Π˜T ) + G˜ ∗ Π˜T
−(1 − Π˜ ∗ Φ˜T ) ∗ G˜−1 ∗ Φ˜ + Π˜ ∗ G˜ (1− Π˜ ∗ Φ˜T ) ∗ G˜−1 ∗ (1− Φ˜ ∗ Π˜T ) + Π˜ ∗ G˜ ∗ Π˜T
)
.
(66)
Our conclusion is that the O(D,D) transformations could give us the generalized met-
ric and the dual generalized metric in the commutative space and the non-commutative
space.
8 Open String Theory for One Doubled Space
We construct the Neumann and Dirichlet boundary conditions from the equivalence of
the equations of motion by the self-duality relation [13]. When we only double one space
coordinate, the partition function of the double sigma model should be the multiplication
of the partition function of the ordinary sigma model and the partition function of the
dual sigma model. We also obtain this consistent answer when we include the Neumann
and Dirichlet boundary conditions in the double sigma model. Finally, we exhibit the
low-energy effective theory for the open string theory and consider the non-commutative
geometry through the O(D,D) transformations [14].
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8.1 Classical Equivalence
We include the open string theory from the classical equivalence by the on-shell self-
duality relation already given for d = 1. The equations of motion of the double sigma
model in the bulk are in (40).
In the ordinary sigma model, the well-known Neumann boundary conditions are
gmn∂1X
n +Bmn∂0X
n = 0. (67)
In order to obtain the Neumann boundary conditions, we impose
HmA∂1XA = 0 (68)
on the σ1 direction. These boundary conditions can be rewritten as:
Bg−1∂1X˜ + (g −Bg−1B)∂1X = 0. (69)
We use the following relations:
HmA∂1XA − ηmA∂0XA = 0, HmA∂1XA = 0 (70)
to obtain the Neumann boundary conditions in the ordinary sigma model.
Let us consider the dual background and choose the boundary conditions on the σ1
direction as:
HmA∂1XA − ηmA∂0XA = 0, HmA∂1XA = 0. (71)
These can be rewritten as
G∂1X −Gβ∂1X˜ − ∂0X˜ = 0, (G−1 − βGβ)∂1X˜ + βG∂1X = 0 (72)
by using the G and β. Therefore, we also obtain the Neumann boundary conditions on
the σ1 direction
G−1∂1X˜ + β∂0X˜ = 0 (73)
in the dual sigma model. Combining the boundary conditions that we used on the σ1
direction in the ordinary and dual sigma models, then the boundary conditions can be
used in a simple way since they can be expressed as follows:(
H∂1X − η∂0X
)M
= 0 ,
(
H∂1X
)
M
= 0. (74)
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This implies that an O(D,D) boundary condition is necessary when the star product
is used in the double sigma model. We can have different O(D,D) solutions through
the O(D,D) transformations. Each background solution has a corresponding boundary
condition to let the string end on the brane.
We list here the boundary conditions in the double sigma model
(
H∂1X − η∂0X
)M
= 0,
(
H∂1X
)
M
= 0,
(
η∂0X
)
M
= 0 (75)
on the σ1 direction and
(δX)M = 0 (76)
on the σ0 direction.
The equivalence of the equations of motion in the double sigma model with boundary
conditions at the off-shell level should be directly related to whether we could obtain
the self-dual relation at this level. When we consider closed string theory in the double
sigma model, we could use the off-shell way to obtain the self-dual relation. Thus, the
equivalence could be extended to the off-shell level even for the double sigma model with
the boundary conditions.
8.2 Double Sigma Model with Boundary Conditions
We consider the double sigma model with the boundary conditions, then we can obtain
the ordinary and dual sigma models. For one doubled space, the partition function of
the double sigma model with the boundary conditions is∫
DX exp
[
1
2
∫
d2σ
(
∂1X
AHAB(Xm)∂1XB − ∂1XAηAB∂0XB
)]
×
∫
DX ′ exp
[
1
2
∫
d2σ
(
∂1X
′AHAB(X˜ ′m)∂1X ′B − ∂1X ′AηAB∂0X ′B
)]
. (77)
If we first integrate Xm, we can obtain the ordinary sigma model. When we perform the
integration, the result is equivalent to using
∂1X˜p = gpn∂0X
n +Bpn∂1X
n (78)
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in the exponent. Then the result of integration in the exponent is
1
2
∂1X
m
(
g − Bg−1B
)
mn
∂1X
n + ∂1X
m
(
Bg−1
)
m
n∂1X˜n +
1
2
∂1X˜m
(
g−1
)mn
∂1X˜
n
−∂1X˜m∂0Xm
=
1
2
∂1X
m
(
g − Bg−1B
)
mn
∂1X
n +
1
2
∂1X
m
(
Bg−1
)
m
n∂1X˜n − 1
2
∂1X˜m∂0X
m
=
1
2
∂1X
m
(
g − Bg−1B
)
mn
∂1X
n +
1
2
∂1X
mBmn∂0X
n +
1
2
∂1X
m
(
Bg−1B
)
mn
∂1X
n
−1
2
∂0X
mgmn∂0X
n +
1
2
∂1X
mBmn∂0X
n
= −1
2
∂0X
mgmn∂0X
n +
1
2
∂1X
mgmn∂1X
n + ∂1X
mBmn∂0X
n. (79)
When we integrate Xm out, we also have a determinant term in the measure that is given
by: ∫
DXm
√
det g. (80)
By integrating X ′m out we obtain the dual sigma model. The integration gives
∂0X˜
′
p = Gpn∂1X
′n −Gpmβmn∂1X˜ ′n (81)
in the exponent. The result of integration in the exponent can be shown to be rewritten
as:
1
2
∂1X
′mGmn∂1X
′n − ∂1X ′m
(
Gβ
)
m
n∂1X˜
′
n +
1
2
∂1X˜
′
m
(
G−1 − βGβ
)mn
∂1X˜
′n
−∂0X˜ ′m∂1X ′m
=
1
2
(
∂0X˜
′G−1 − ∂1X˜ ′β
)
G
(
G−1∂0X˜
′ + β∂1X˜
′
)
−
(
∂0X˜
′G−1 − ∂1X˜ ′β
)
Gβ∂1X˜
′
+
1
2
∂1X˜
′
(
G−1 − βGβ
)
∂1X˜
′ − ∂0X˜ ′
(
G−1∂0X˜
′ + β∂1X˜
′
)
=
1
2
∂0X˜
′G−1∂0X˜
′ +
1
2
∂0X˜
′β∂1X˜
′ − 1
2
∂1X˜
′β∂0X˜
′ − 1
2
∂1X˜
′βGβ∂1X˜
′ − ∂0X˜ ′β∂1X˜ ′
+∂1X˜
′βGβ∂1X˜
′ +
1
2
∂1X˜
′G−1∂1X˜
′ − 1
2
∂1X˜
′βGβ∂1X˜
′ − ∂0X˜ ′G−1∂0X˜ ′ − ∂0X˜ ′β∂1X˜ ′
= −1
2
∂0X˜
′G−1∂0X˜
′ +
1
2
∂1X˜
′G−1∂1X˜
′ + ∂1X˜
′β∂0X˜
′. (82)
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We also get the following measure∫
DX˜ ′m
√
detG−1 (83)
after integrating X ′m out.
At this point, we can obtain the ordinary and dual sigma model after doing the in-
tegration from the double sigma models with the boundary conditions. An interesting
property is that the measure in the double sigma model is still invariant under diffeomor-
phisms with a shift symmetry. Thus, we show that the O(D,D) measure still contains
the local symmetry although the O(D,D) structure is a global structure. The local
symmetry in the O(D,D) structure is defined by summing over all different sectors of
DFT.
8.3 The Low-Energy Effective Theory
The low-energy effective theory can be obtained through one-loop β-functions [1]. The
low-energy effective theory for the open string theory from the double sigma model for
only one doubled space dimension is the sum of the ordinary DBI action and the dual
DBI action. The theory can be written as∫
dX e−d ∗
(
− detHmn
) 1
4
. (84)
The theory can actually be rewritten in terms of the closed string parameters instead
of the open string ones to show the equivalence between the non-commutative and com-
mutative descriptions [12] in the DBI theory through the star product because the form
of action is not changed after the introduction of the star product.
The physical picture of the ordinary sigma model for open strings consists essentially
in seeing at them ending on a brane. The physical picture of the double sigma model
with boundary condition is enlarged via the star product or O(D,D) transformation.
For only one doubled spatial dimension, each field could decompose into the ordinary
field and dual field. In other words, one choice is the ordinary spacetime, and the other
choice is the dual spacetime. These two choices have corresponding boundary conditions
to let string end on the brane, because different sectors of DFT are independent. Thus,
the boundary conditions of different sectors of DFT should be independent. In order to
double more dimensions, the discussion should be similar.
21
9 Conclusion
We have constructed a DFT-inspired low-energy effective action. A difficulty in DFT is
that the closure of the gauge algebra is lost even if the weak constraint, coming from
closed string theory, is imposed [3]. In order to solve this problem, we have analyzed
the simplest case of only one doubled space coordinate, then the non-associativity of
the star product disappears. Thus, this outcome directly exhibits the closure of the
symmetry transformations. Especially for the interesting case d = 1, the action up to
a boundary term can be determined uniquely by the gauge symmetry and the weak
constraint can imply the orthogonality of momenta. Thus, this provides a very concrete
example to understand DFT. For giving a more generic understanding to the closure of
the symmetry, we have considered the triple products for arbitrary d, so finding that the
triple products defined in the ordinary product could give the orthogonality conditions of
momenta. When this property is extended to an arbitrary number of products, one can
see the equivalence between the star product and the ordinary product if a non-trivial
boundary term is absent. Thus, this theory contains the Einstein gravity theory, closed
gauge algebra, supersymmetry algebra and background independence. These properties
should be the minimum requirement of a supergravity theory. An interesting property
in the ordinary supergravity is that this could be related to the ordinary sigma model
via the one-loop β-functions and the method should provide a background independent
theory. Based on the result of the one-loop β-functions in the double sigma model [10],
we have used the star product to define the double sigma model. The evidence of the star
product in the double sigma model can also be obtained from the classical equivalence
by the self-duality relation. We have also found that the O(D,D) transformations can
build the relations between the closed string and open string parameters and the T-
duality transformation can be obtained from the O(D,D) transformations in DFT. The
double sigma model with the Neumann boundary conditions and the Dirichlet boundary
conditions has also been constructed. We have also considered the classical equivalence,
the low-energy effective theory, and the non-commutative geometry for one doubled space
dimension in the context of the open string theory.
Closed string field theory gives the cubic action up to a boundary term and this is
what is required to DFT to reproduce. The orthogonality imposed on the momenta
does not modify the result of the cubic action up to a boundary term so it shows that
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all physical observables do not change. The modification of the gauge symmetry with
the on-shell constraint does not modify the physical results in the cubic action up to a
boundary term. Thus, our proposal could be seen as finding a loophole of the results of
closed string field theory [3]. To find more evidences for the proposal, we need to consider
computations of higher order terms from closed string field theory.
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